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Abstract. Recently[1, 2] the new convexity principle has been validated. It statesthat
anonlinear image of asmall ball in a Hilbert space is convex, provided that the map is
11 and the center of the ball is aregular point of the map. This result has numerous
applicationsin linear algebra, optimization and control.
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1 Introduction

Convexity playsakey roleinfunctional analysis, optimization and control theory.
For instance, if amathematical programming problem is convex, then necessary
optimality conditions coincide with sufficient ones, duality theorems hold and
effective numerical methods can be constructed [3]. However, convex problems
are just asmall island in the ocean of honconvex ones.

In the present paper we describe the technique, which is useful for establish-
ing convexity. It is based on the recent result [1, 2], asserting convexity of a
nonlinear image of a small ball in a Hilbert space. This result is addressed in
Section 2, while all other Sections deal with its applications to various fields of
mathematics. We start with linear algebra and prove convexity of the spectrum
of afamily of perturbed matrices, zero sets of perturbed polynomials and value
sets of some determinants (Section 3). The duality theory for a class of non-
convex mathematical programming problems (local programming)is devel oped
in Section 4. Special numerical methods for solving such problems are also
provided. Various applications to control problems are described in Section 5.
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60 B. T. POLYAK

They are based on the convexity of the reachable set for nonlinear system with
“small energy control”.

2 Theconvexity principle

Let X, Y betwoHilbert spaces, let f : X — Y beanonlinear map with Lipschitz
derivativeonaball B(a,r) ={x € X : ||x —a|| < r}, thus

I1f'G) — f'@Il < Lllx —zl| Vx,z € B(a,r). D

Supposethat a isaregular point of f,i.e. thelinear operator f’(a) maps X onto
Y; then there exists v > 0 such that

Lf @*yll = viyll VyeY. @)

For instance, for X, Y finite dimensiond: X = R",Y = R™, this condition
holdsif rank f'(a) = m; for thiscase v = o1(f’(a)) — the least singular value
of f'(a).

Theorem 1. If (1), (2) hold and ¢ < min{r, v/(2L)}, then the image of a ball
B(a,e) ={x € X : ||x —a|| < e} underthe map f is convex, i.e. F = {f(x):
x € B(a, &)} is a convex set in Y. Moreover, the set is strictly convex and its
boundary is generated by boundary points of the ball: 3 F C f(dB(a, ¢)).

We need the following results:

Lemma 1. A ball in a Hilbert space is strongly convex: if x1, x, € B(a, &),
xo = (x1+ x2)/2, then B(xo, p) C B(a, &) for p = [|x1 — x2|[?/(8e).

This result is well known and follows immediately from the parallelogram
equality.

Lemma 2. Suppose there exist L, p, u > 0, such that

1f'(x) = f'(@Il <Lllx —z|l Vx,z e B(xo, p)
N )*yll = ullyll Yy €Y, Vx € B(xo, p)
[l f (x0) — yoll < o,

then the equation f(x) = yg has a solution x* € B(xg, p) and

|1.f (x0) — ol
o

This Lemma coincides with Corollary 1, Theorem 1 of [4].

[]x* — xol| <
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THE CONVEXITY PRINCIPLE AND ITS APPLICATIONS 61

Proof of Theorem 1. Let xq, x, bearbitrary pointsin B(a, ¢) C B(a,r), y; =
f(xi) e F, i =12 Denotexg= (x1+x2)/2, yo = (y1 + y2)/2. To prove
convexity of F it suffices to find x* € B(a, ¢) such that f(x*) = yo. We
have y1 = f(xo) + f'(x0)(x1 — x0) + €1, y2 = f(x0) + f'(x0)(x2 — x0) + €2,
where ||| < L||x; — x0l|?/2 = L||x1 — x2||?/8,i = 1,2 due to (1), see
e.g. [5, Theorem 3.2.12]. Hence yg = f(x0) + €0, €0 = (€1 + €2)/2, ||€ol] <
L||x1—x5]|?/8.All conditionsof Lemma2aresatisfiedforu = v—Le > 0, p =
[lx1 — x2/|%/(8¢), because (1),(2) hold, B(xg, p) C B(a, ¢) due to Lemma 1,
|I.f (x0) = yol| = ll€ol| < Lllx1—x2||?/8 = Lpe < p(v—Le) = pju. Moreover,
Gyl = 1 @yl = 11(f x)* = f@*)yll = vilyll = Lllx —allllyll =
(v —Lé)||lyl| = ullyl| for x € B(xg, p). ThusLemma?2 providesthe desired x*
and the proof of convexity of F is completed.

Fromtheabovereasoningit followsthat for x; # x, theequation f(x) = y has
asolution for y close enough to yo; this validates strict convexity of F. Findly,
if xo isaninterior point of B(a, ¢) then there exists B(xo, p) C B(a,¢&),p >0
such that Lemma 2 holds. Hence for any y close enough to f(xo) the equation
f(x) = y hasasolutionin B(a, ¢). Thismeans that theimage of interior points
of theball B(a, ¢) liesintheinterior of F,thatisa F isgenerated by the boundary
of B(a, ¢). O

Remarks. 1. We presented the proof, based on Lemma 2 (which has been
derived in [4] by use of a version of Newton method). Another proofs can be
obtained by modern techniques, related to Ljusternik theorem (seee.g. [7, The-
orem 2.7], [8]). However, the proofs of the Ljusternik-like results are also based
on the Newton method. On the other hand an attempt to use the fundamental
theorem by Graves on solvability of nonlinear equations[6] instead of Lemma 2
fails, because the theorem does not provide explicit bounds for solutions which
are required in the proof.

2. Theidea of Theorem 1 isvery smple. The ball B(a, ¢) is strongly convex,
thusitsimage under linear map f'(a) is strongly convex aswell. But it can not
loose convexity for anonlinear map f, whichisclose enough toitslinearization.
The same reasoning explains that the result can not be extended to an arbitrary
Banach spaces, where a ball is not strongly convex. However the extension of
the principle to uniformly convex Banach spaces (suchasL,,1 < p < o0) is
an open problem.

3. Theresult holds, if we replace the ball by any other strongly convex set (e.g.
by a nondegenerate ellipsoid). For particular case f : R" — R” Theorem 1 has
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62 B. T. POLYAK

been extended in [9] for strictly convex (not necessarily strongly convex) sets.

4. Smoothness assumptions of Theorem 1 can not be serioudly relaxed. For in-
stance, A.loffe constructed a counterexamplewith f continuously differentiable
but not in C11. Then the result isfalse.

In many cases the conditions of Theorem 1 can be effectively checked, and
the radius ¢ of the ball can be estimated. One of such examples is a quadratic
transformation.

Example. Let x € R" and f(x) = (f1(x), ... fu(x))T where fi(x) are
quadratic functions:

fi(x) = (1/2)(Aix, x) + (ai, x), A; = Al e R,
a€R", =1 .m.

©)

Takea = 0, thatis B = {x : ||x|| < €}. Then f/(x) = A;x +a; and (1) is
satisfied on R” with L = (31, || A;]1?)Y/? where || A;|| stands for the spectral
normof matrices A;. Consider thematrix A withcolumnsa;: A = (a1laz|...|an).
Then f/(0)Ty = Ay, and if rankA = m, then (2) holds with v = o1(A) — the
minimal singular value of A, that isv = (mini1(AT A))Y?, where 1, is the
minimal eigenvalue of the corresponding matrix. Hence, Theorem 1 implies:

Proposition 1. If ¢ < v/(2L), then the image of the ball B under the map (3) is
convex:

F={f():|lx]] <e}
is a convex set in R™.

Thisisin asharp contrast with the results on images of arbitrary balls under
quadratic transformations, where the convexity can be validated [10] just under
very restrictive assumptions.

For instance, letn = m = 2 and

f1(x) = x1x2 — x1, f2(x) = x1X2 + X2. (4)

Then the estimates above guarantee that F is convex for e < &* = 1/(24/2) ~
0.3536. It can be proved directly for this case that F is convex for ¢ < ¢* and
looses convexity for e > &*. Thusthe estimate provided by Proposition 1istight
for this example.

Figure 1 shows the images of the e-discs {x € R? : ||x|| < e} under the
mapping (4) for various values of ¢.
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Figure 1: Images of e-discsfor various .

3 Applicationsto linear algebra

In this section we consider three applications of the convexity principle to lin-
ear algebra: perturbation of spectrum of real matrices, zero set of perturbed
polynomials and the set arising in so-called p-analysis.

a. Pseudospectrum. Theset of al eigenvalues of afamily of perturbed matri-
cesiscalled pseudospectrum. Morerigoroudly, the pseudospectrum of anominal
matrix A € R"*" is

A (A) ={A e C:3A e R ||Al|lr <&, Aisaneigenvaueof A + A.} (5)

Usually [11, 12, 13] matrices A, A are assumed to be complex, while the matrix
normisthespectral one||A|| = (max A(A*A))Y?. For thiscasethe closed-form
characterization of pseudospectrum is available. The real case is much more
difficult, and neither effective description of A.(A) nor its qualitative behavior
for small ¢ areknown. Theresult below provides such information for Frobenius
norm of matrix perturbations: [|A||r = (3_62)%? where§;;,i, j = 1,...,n
areentriesof A.
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64 B. T. POLYAK

Theorem 2. If A has all distinct eigenvalues, then its pseudospectrum is the
union of n nonintersecting convex sets on the complex plane provided that ¢ is
small enough.

Proof. Consideramap f : A — Awhere A € X, X isthe spaceof n x n redl
matrices equipped with the scalar product (A, B) =TraceA” B and correspond-
ing norm ||A||r = (A, A)Y2 and A e C isone fixed eigenvalue of A + A; the
space C can beidentified with Y = R2. All eigenvalues of A are distinct hence
the same holds for A + A with ||A]|r small enough. Thus f iswell defined.
Dueto standard results of perturbation theory [14, Chapter 2] themap f istwice
differentiableif all eigenvalues of A aredistinct and explicit formulae for second
derivatives confirm that they are bounded for ||A || small enough, so f € C11.
Now, the derivative of f isgiven by [14]
T

A
g=fOa=1>
y'x

wherex, y areleft andright eigenvectorsof A, correspondingtotheeigenvalue A:
Ax =xx, Aly=2xry, y'x#£0.

If A isred, then the eigenvalue remains real under small perturbations of A (a
simple real eigenvalue can not become complex), so the pseudospectrum is an
interval and henceitisconvex inthiscase. If A iscomplex: A =a + i, 8 #0
then we shall prove that g runs the entire complex plane when A runs X. First
note that if x = u +iv,y = s + it thenu # 0,v # 0 and u, v are linearly
independent (and similaristruefor s, ¢). Indeed, Au = au—Bv, Av = av+ Bu,
andu = Oimplies(duetothefirst equality and 8 # Q) that v = 0O; thiscontradicts
the assumption x # 0. Simultaneously v = 0 leads to the contradiction. If
u = yv,y # 0then from above equations (¢ — By)x = (@ + B/y)x, that is
y2 = —1; thisisimpossible. The properties of u, v, s, t ensure the existence of
vectorsust, vt, st, 1t € R" such that

u'ut =0,u"vt#£0,v vt =00 ut £0,
sTst=0,sTtt#£0,tTt-=0,t"sL #0.

Now take A = puvt(sH)” + vut ()T with somerea p, v. Then after simple
calculations one gets

yTAx = /L(uTvl)(sTtl) + iv(vTuL)(thJ_) = uc1 +ivey,
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THE CONVEXITY PRINCIPLE AND ITS APPLICATIONS 65

where c1, ¢, # 0. For arbitrary 11, v € R this expression runs the entire C. We
concludethat f/(0)A maps X onto Y. This meansthat we are in the framework
of Theorem 1 and each eigenvalue of A diffusesinto aconvex setin C. O

Notethat if Frobeniusnorm isreplaced with another matrix norm, the space of
matrices looses its Hilbert structure and we can not apply Theorem 1. However
itisnot clear if there exists an analog of Theorem 2 for some other norms.

The assumption on simplicity of all eigenvaluesis significant. For instance if
A= é 1 then the pseudospectrum of A reminds a cross centered at (1,0)
and it is nonconvex for arbitrary small ¢.

b. Zero set for polynomials. Consider a family of polynomials with real
coefficients

P(x,a)=a1+apx + -+ ax" 1+ x", aeR", |la—d <e, (6)

where a° are the coefficients of the nominal polynomia and ||.|| stands for
Euclidean norm. The set of all zeros of such polynomialsis called a zero set:

Z.={xeC:3a,l|la—d°| <e P(x,a) =0} (7)

A formulafor computation of the zero set for arbitrary ¢ isknown [15], however
it does not provide the qualitative description of the set. The result below yields
the construction of the zero set for small ¢ and distinct roots of the nominal
polynomial.

Theorem 3. If P(x, a®) has all distinct zeros, then the zero set of family (6) is
the union of n nonintersecting convex sets on the complex plane provided that &
is small enough.

Proof. The proof follows the same lines as for Theorem 2, and we focus
on the key points only. Introduce f : « — A where A € C is a fixed
simple zero of P(x, a); this function is well defined in the neighborhood of
a® ro = f(a®). Thisfunctionisin C** andthederivativeisgivenby f’(a®)A =
—q"A/P!(r,a%,where A =a —a° € R", g = (1, k0, A%, ..., A0 HT e R"
and P, denotes differentiation with respect to x, while P; (Ao, a®) # 0 because
roisasimplezeroof P(x, ag). If Agisreal, the corresponding component of the
zero setisaninterval (real ssmple zero remainsreal under small perturbations of
the coefficients) and hence convex. If 1 iscomplex (Jig # 0) thenitisnot hard
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to prove that vectors Rg, Jg are linearly independent and thus £/ (a®) A maps
R" onto C. The use of Theorem 1 terminates the proof. g

For multiple roots the zero set can be the union of nonconvex setsfor arbitrary
small ¢, assimple examples demonstrate. The same situation holdsif wereplace
Euclidean norm with oo-norm. For instance, the zero set for the second order
polynomial family P(x,a) = a1 + asx + x2,|ar — 1| < ¢, |as| < ¢ isthe
union of two distorted rectangles which are nonconvex. The case of p-norms,
1 < p < oo remains uninvestigated.

c. Aproblemin u-analysis. Socaled pu-analysis (or structured singular value
problem) is an important tool in modern control theory [16]. For a given matrix
M e Cfinding u (M) requiresto estimate ryqa — thelargest » which preserves
det( + M A) nonvanishing for all matrix perturbations A with norm less then
r. It is assumed that A has a specified block structure with each block real
or complex and specified norm of each block. We address a particular case of
the problem — real perturbations with one-block structure and Frobenius norm
(sometimes such version is called spherical ). Define the value set of the
determinant det(/ + M A) when A runs the ¢-ball:

D, = {det(] + MA) € C: A € R™ ||A||r < &). (8

We say that the matrix M isessentially complexif M # zW,z € C, W € R™*",
In other words, for M = U +iV,U,V € R"™", M is essentially complex if
U, V arelinearly independent or equivalently (U, UY(V, V) # (U, V)2.

Theorem 4. If M is essentially complex and ¢ is small enough, then the set D,
is convex.

Proof. The equality
det(I+MA) = 1+Trace(M A)+o(||A]]) = 1+UT, A)+i(VT, A)+o(]|A]])

verifiesthat themap A — det(I + M A) isdifferentiable; it can bealso provedto
beC'1. Duetoessential complexity of M theimageof (UT, A)+i(VT, A), A e
R™*" isthe entire C. Thus Theorem 1 is applicable. d

Figure 2 presentsthe set D, for

1+ i
M_<O l+i>’ ¢ =0.8.
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Figure 2: Image of det(1 + MA), ||A]|r < 0.8.

The set has been constructed viathe algorithm of Section 4. Tofind aboundary
point g(8) of the set having a normal ¢ = (c1, c2)” with ¢c; = €0s6, ¢, =
sing, 6 € [0, 2] being one-dimensiona parameter, one should minimize the
function

f(X) =cihdet(] + MX) + co3det(] + MX)

subjectto X € R™*", || X||r < e. Thederivative of f reads
(X)) =c1(uU —vV) + c2(vU +uV),

det(I + MX) =u +iv, (I + MX)*M)T =U +iV.

Thus we can apply method (16) of Section 4 for this minimization problem; its
solution X (6) provides the desired point g(6) = det(/ + M X (#)) € C. One
can see that the origin does not belong to the set Dgg, but is very close to it.
We conclude that 0.8 < rmax and rmax — 0.8 is small. Thus in this case we can
estimate rmax by using the above technique for construction of D,. However
thisis not the universal tool — the set D, can loose convexity for & < rmg. FOr
instance five matrices M from[17, Table 1] have been checked; for three of them
the set D, becomes nonconvex with some ¢ < rmax-
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4 Local programming
Simultaneously with the standard mathematical programming problem
min fo(x), x e R" 9
filx) <0, i=1..1
fikx)=0, i=I1+1...m
consider its version with the extra constraint

min fo(x), x eR" (20)
fix) <0, i=1,..1
fix)y=0, i=14+1,...m
llx —all < e.

whichwecall local programming problem. Supposethat thefunctions f; (x),i =
0,1, ...m arefrom C1! on B(a, ). Construct the Lagrange function

L(x,y) =) yifi(x). (11)
i=0

Denote Y, = {y e R"™*1 :y, > 0,i = 0,1,...,/}. We assume, that a is a
feasible point in (9), moreover we can assume without |oss of generality that all
inequality constraints are activein a:

fila)=0, i=1 ..m,

otherwise they play no role in (10) and can be rejected for ¢ small enough.
Finally we suppose that the gradients of f;(x),i = 0,1, ..., m a a arelinearly
independent, i.e. there existsno y° # 0 such that L, (a, y°) = 0. If thereare no
inequality constraints, this condition meansthat a is not astationary pointin (9).
In the presence of inequality constraints this condition is more restrictive than
the assumption “a is not a Kuhn-Tucker point in problem (9)". For instance,
itimpliesm < n, that is the number of active constraintsin a is less than the
dimension.

Theorem 5. Under above assumptions there exists ¢* > 0 such that a solution
x* of (10) with 0 < ¢ < &* exists, is unique, lies on the boundary of B(a, ¢) :
[lx* — a|| = ¢ and the following inequality holds

L(x,y*) > L(x*,y*) Vx:|lx—all <e (12)
forsome y* e Y., y* #0,y’ fi(x*)=0,i =1,..., 1L
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Proof. The problem (10) is equivalent to the optimization problem in the “im-
age space”:

minfo, feF, fi<0i=1..1, (13)

where  f = (fo, f1, . fu) € R™™, f(x) = (fox), fi(x), ... fu(x)), F =
{f(x) : |lx —all <e}. Thepointa isaregular point for f(x) because f/(a)
are linearly independent. Theorem 1 guarantees the convexity of F for ¢ small
enough. Thus (13) is a convex problem and for its solution f* = f(x*) there
exists a separating hyperplane: 0 # y* € R™1 (y*, f) > 0 Vf : f €
F,fo> f5, fi <0,i =1,..,1. Thiscondition is equivalent to (12). Strict
convexity of F impliesthat the solution of (13) isunique and lieson the boundary
of F which (as Theorem 1 claims) isthe image of the pointswith ||x — a|| = &,
thus ||x* — al|| = e. O

Note that for
V() = ! min  L(x, y);

x—al|l<e

the result can be formulated as follows: if x* is a solution of (10) then there
exists y* € Y, such that

L(x*, y*) = ?291( V().

Thisisthe dual formulation of the problem.
Under some Slater-like condition we can ensure yg # O, that is y§ can betaken
equal to one.

Theorem 6. Suppose that the following regularity condition holds: for any
e>00eR":0,=1i=1..,10i|=1i =1+1, ..., mthere exists x,
such that

Oiﬁ(xa) < Oa I = 19 AN ||x0 _a” <e&. (14)

Then in Theorem 5 we can take y; = 1 and (12) is necessary and sufficient
condition for optimality in (10).

Proof. From (12) we get

Yo(folx) = fox™)) + Y ¥/ fix) =0 Vl[x —all <e.

i=1
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Take o : 0; = signy; and the corresponding x,. Then for y5 = 0 we have
Yo i filxe) < 0 (because y* # 0), which contradicts the inequality above
for x = x,. Thus y5 > 0, of course we can scale y* to make y; = 1. Condition
(12) is obvioudly sufficient for optimality if y; = 1. O

Regularity condition (14) can be replaced by other ones, e.g.: f/(a),i =
[ +1,..,m arelinearly independent and there exists & € R" : (f/(a),h) =
0,i=I0I+1..m,(f/(a),h) <0,i=1,..1

L et us show how these results work for the case of quadratic functions. Con-
sider (10) witha = 0 and

fitx) = A/ (Aix, x) + (@i, x) + o, 1 =0,1,....m.

Supposethate; < 0,i =1,....[,a; = 0,i =1+ 1, ..., m and the assumptions
of Proposition 1 are satisfied (with obvious changes of notation). Then Theorem
5 can be applied,

L(x,y) = (1/2)(A(y)x, x) + (a(y), x) + a(y),

A =) yiAi, a) =) vai, a(y) =)y
i=0 i=0 i=0

Then 4 (y) can be found as the solution of the problem

v(y) = ‘mligs((A(y)x, x) + 2(a(y), x) + a(y)).

This problem is always tractable (even if A(y) is not positive definite), and can
be effectively solved [10]. Thuswe can calculate ¢ (y), itisnot hard to calculate
d,¥ (y) aswell. Hence we can apply the subgradient method for maximization
of Y(y)onY,.

In more general case, when f;(x) are nonquadratic functions, minimization
of L(x,y) on aball can be performed by use of the special iterative method.
Consider the simplest optimization problem:

| rpi|r|1 fx) (15)

and the iterative method
k+1= _ f/(xk) 16
AEERNTVFo T 4o
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Theorem 7. Suppose that f : R* — R'is C*'on B(a, ¢):

1f' ) = f' DI < Lllx —yll, x,y € Ba,e)

and f'(a) # Owhile & < || f'(a)||/(2L). Then

a) The solution x* of (15) exists and is unique, ||x* —a|| = ¢ and the necessary
and sufficient optimality condition holds:

x* :a—em. @an
[f e

b) Method (16) converges with linear rate of convergence for any x° € B(a, ¢):

_ L <1
~lf @Il —eL

l1x* — x*[| < g*|1x° = x*|I, ¢ = O(e) (18)

Proof. The statement &) follows from Theorem 3; (17) is the necessary condi-
tion of x* to be the minimum point in (15).
If we subtract (17) from (16) we get

xk+1—x*=8( f/(xk) . f/(X*)
DN LGl

Forany 0 < 7,x € R",||x|| > t the vector tx/||x]|| iSs a projection of x on
the ball B(0, 7). Projection is a nonexpanding map, so we can proceed (with
T =|lf"(a)ll —eL)

x5 — x¥|| < e/DIF &5 — F D)) < gllxh — x]).

).

Thisis equivalent to the desired estimate (18). O

Note that (16) can be considered as the conditional gradient method [18]
for solving (15) with the specia stepsize rule. However, its structure is rather
peculiar: each new step is performed from the point a, not x*.

5 Control applications

We consider very briefly (with no technical details) some control applications of
the “image convexity” principle.
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a. Convexity of thereachableset. A general nonlinear control system
x=Fx,u,t),xeR" ueR" 0<r<T,x(0)=c (29

with L,-bounded control
T
uelU={u: / w(r)]%dt < €} (20)
0

defines a reachable set
R, = {x(T) : x(r) isasolution of (19), u € U}. (21)
Suppose that the linearized system
z = Fy(x0,0,8)z+ F,(x0,0,t)u, z(0)=0 (22
is controllable [19]; here xq is the solution of the nominal system
Xo= F(x0,0,¢), xp(0) =c.

Then (under some technical assumptionsto guarantee the smoothness of the map
f :u — x(T)) wecan conclude, that for ¢ small enough the reachable set R, is
convex. Indeed, wecanapply Theorem1lwithX = L,, Y =R”", f : u — x(T).
The controllability of (22) ensures regularity of thismap at u = 0.

b. Sufficiency of thelocal maximum principle. Consider the optimal control
problem

ming (x(T)) (23)

where x(¢) is asolution of (19) subject to the constraint (20) and terminal time
T isfixed and the function ¢ : R” — R is convex. Then this optimal control
problem is equivalent to finite-dimensional one:
e

which is convex under above conditions. Thus the first-order necessary con-
ditions for the extremum (which can be written in the form of local maximum
principle [19]) is aso sufficient. Thus we conclude that the local maximum
principleis the sufficient condition for optimality for (19), (20), (23).

Also from Theorem 5 we obtain that the solution is unique and it reduces (20)
to equality.
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c. Numerical methods. Iterative method (16) can be applied to solve the
optimal control problem (19), (20), (23). It has the following form. At k-th
iteration we have an approximation u* = u*(¢), 0 < ¢t < T and calculate x* as
asolution of (19) with u = u*. Then the gradient of the objective function can
be found as

f1why = =F[ 5 b, ko),
where /* is a solution of the adjoint system

b= —FI a5 uf 0y, w(T) = —¢' (K(T)).

Then the updated control is found by (16), where L, norm is used. Theorem 7
guarantees convergence of this method to the optimal control.

d. Discretetime case. Let the states x; € R”" and controls u; € R™ be
described by nonlinear difference equations

Xpr1 = F(xg,ug, k), xo=c,k=0,1,...,N.
Our objectiveis
ming (x(N))

subject to I,-type constraint

=
AN

2
luk||” < e.

~
I
o

Then under condition of controllability of thelinearized system we can prove (as
it was done above for the continuous-time case) that the reachable set is convex
if & issmal enough. The standard technique allows to obtain the first-order
optimality condition which is necessary and sufficient.

6 Conclusions

The new “image convexity” principleisapromising tool for analysis of various
problems. In this paper we have presented some of its application to linear
algebra, optimization and control. Probably, much more applications can arise
in other fields, including functional analysis and numerical analysis.
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